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1 Continuous Mechanism

Here we show that any outcome, (qp, dpz, d
p
k, z

p, kp, ep), that satisfies the following constraints given
in Proposition 1,

−izp − [1 + r − F ′(kp)]kp + epα(1/ep)[u(qp)− dpz − F ′(kp)d
p
k]− ψ(ep) ≥ 0, (1)

dpz ≤ zp, d
p
k ≤ k

p, (2)

ψ′(ep) = α(1/ep)[u(qp)− dpz − F ′(kp)d
p
k], (3)

−c(qp) + dpz + F ′(kp)dpk ≥ 0, (4)

F ′(kp) ≤ 1 + r, (5)

can be implemented with a continuous mechanism o. Because the agents treat money and capital
as perfect substitutes in the DM with respect to their CM prices, we may view o(z, k) = (q, d) with
range R2

+, where the second component refers to the transfer of total wealth. Note, however, that
o may depend both on total wealth and the composition of the buyer’s portfolio.

Fix an outcome, (qp, dpz, d
p
k, z

p, kp, ep), that satisfies (1)-(5) and the pairwise-core requirement.
Let R = F ′(kp). We use ηb(z, k) to denote the buyer’s surplus under the trading mechanism when
his asset announcement is (z, k). The mechanism we construct takes the following form:

o(z, k) ∈ arg max
(q,d)

d− c(q) (6)

s.t. u(q)− d ≥ ηb(z, k), (7)

d ≤ z +Rk. (8)

First we construct ηb. Let ηb(zp, kp) = u(qp)− dpz −Rdpk ≡ η
b,p. Let

ξ0 =
epα(1/ep)ηb,p

i+ (1 + r −R)
and ξ1 =

{
zp+Rkp−c(q∗)

1+R if c(q∗) < zp +Rkp

1+R
c′[q(ε̄)]ηb,p

{u′[q(ε̄)]− v′[q(ε̄)]} o/w.
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Let ξ = 0.5 min{ξ0, ξ1, (z
p +Rkp)/2}. Define ηb(z, k) as follows.

ηb(z, k) = ηb,p if (z, k) ≥ (zp, kp);

ηb(z, k) = 0 if z ≤ zp − ξ, or k ≤ kp − ξ;

ηb(z, k) =
ξ − ε
ξ

ηb,p

{
if (z, k) ∈ [zp − ξ,∞)× [kp − ξ, kp] ∪ [zp − ξ, zp]× [kp − ξ,∞)

and max{zp − z, kp − k} = ε.

Figure 1: Constructing ηb(z, k)
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Figure 2: Buyer’s Surplus Under o
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We have two claims.
Claim 1. The function ηb satisfies

ηb(z, k) ≤ u(q̃)− c(q̃), (9)

where q̃ = min{q∗, c−1(z +Rk)}.

Proof. Obviously, ηb(zp, kp) satisfies (9). Suppose that c(q∗) ≥ zp +Rkp. Let

G(ε) = u[q(ε)]− c[q(ε)]− ηb(zp − ε, kp − ε).

Then, G(0) ≥ 0 and

G′(ε) = q′(ε){u′[q(ε)]− c′[q(ε)]}+
1

ξ
ηb,p ≥ 0

for all ε ∈ [0, ξ] because ξ ≤ ξ1.

Claim 2. The solution to (6)-(8) is such that

q = q∗, d = u(q∗)− ηb(z, k) if z +Rk ≥ u(q∗)− ηb(z, k);

q = u−1[z +Rk + ηb(z, k)], d = z +Rk if z +Rk ≤ u(q∗)− ηb(z, k).

Moreover, both ηb(z, k) and o are continuous.
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Proof. Suppose that z + Rk ≥ u(q∗) − ηb(z, k). Then, by setting d = u(q∗) − ηb(z, k) ≤ z + Rk,
(q∗, d) satisfies (7)-(8).

Suppose that z + Rk ≤ u(q∗) − ηb(z, k). If q < u−1[z + Rk + ηb(z, k)] ≡ q̃ ≤ q∗, then
d ≤ u(q)− ηb(z, k), and hence, d < z +Rk. Because q < q̃ ≤ q∗,

u(q̃)− c(q̃) > u(q)− c(q) ≥ ηb(z, k) + d− c(q).

Now, let d′ = u(q̃)− ηb(z, k) ≤ z +Rk, then

−c(q̃) + d′ > d− c(q).

So, q = q̃ at the optimum and hence d = z +Rk at the optimum.
Continuity of ηb is by construction. Because the solutions are unique, continuity of o follows

from the Theorem of Maximum.

Now, we show that o(zp, kp) = (qp, dpz+Rdpk). First, suppose that zp+Rkp ≥ u(q∗)−ηb,p. Then,
qp = q∗ by the pairwise-core requirement. By Claim 2, the solution is (q, d) = (q∗, u(q∗) − ηb,p),
and u(qp)− (dpz +Rdpk) = ηb,p. Next, suppose that zp +Rkp < u(q∗)− ηb,p. Because

ηb,p = u(qp)− dpz −Rd
p
k ≥ u(qp)− zp −Rkp > u(qp) + ηb,p − u(q∗),

we have qp < q∗. By the pairwise-core requirement, dpz +Rdpk = zp +Rkp. By Claim 2, this is the
solution.

Next, we show that it is optimal for buyers in the CM to bring (zp, kp) into DM. By Claim 2,
the buyer’s surplus is exactly ηb(z, k) if he brings (z, k) into the match. Define

Ω(z, k) = max
e∈[0,1]

eα(1/ep)ηb(z, k)− ψ(e).

Now, for any (z, k), the continuation payoff at the CM by purchasing (z, k) is (up to a constant)

−iz − (1 + r −R)k + Ω(z, k).

By the definition of ηb, Ω(z, k) = Ω(zp, kp) if z ≥ zp and k ≥ kp, and hence any such (z, k) 6= (zp, kp)
is strictly dominated by (zp, kp). Similarly, Ω(z, k) = Ω(0, 0) if z ≤ zp − ξ or k ≤ kp − ξ, and
hence any such (z, k) 6= (0, 0) is strictly dominated by (0, 0). Finally, for any (εz, εk) ∈ [0, ξ]2,
Ω(zp − εz, k

p − εk) = Ω(zp − max{εz, εk}, kp − max{εz, εk}) and hence any such pair is strictly
dominated by (zp −max{εz, εk}, kp −max{εz, εk}). Hence, the relevant deviations are in the form
(zp − ε, kp − ε) for ε ∈ [0, ξ] or (0, 0). Now, deviation to (0, 0) is not profitable by (1). Define

ω(ε) = −i(zp − ε)− (1 + r −R)(kp − ε) + Ω(zp − ε, kp − ε).

Then,

ω′(ε) = i+ (1 + r −R)− 1

ξ
e(ε)α(1/ep)ηb,p,

where e(ε) is the optimal e in the definition of Ω with (zp − ε, kp − ε). Note that e(ε) is strictly
decreasing with e(0) = ep and e(ξ) = 0. Hence, ω′(ε) is strictly increasing. Note that ω′(0) < 0
because ξ < ξ0. So ω(ε) ≤ max{ω(0), ω(ξ)}. Now, ω(0) > 0 = ω(ξ) and hence ω has a maximum
at 0. This shows that no deviation is profitable. �
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2 Competitive Pricing

In lieu of pairwise meetings, here we consider competitive pricing in the first stage where agents
meet in large groups and impose trades to be in the core for the large group. As is well known,
this core requirement is then equivalent to imposing competitive equilibrium outcomes and can
be implemented with trading posts. To capture search frictions, we assume there are competitive
marketplaces (or trading posts) in the first stage but it takes time for individuals to trade. In
particular, buyers can shop around but it takes effort e ∈ [0, 1] that costs ψ(e) ∈ [0,∞) in terms
of disutility to shop. Letting θ ≡ 1/e as before, the probability of trading in the marketplace is
therefore eα(θ) for a buyer and α(θ)/θ for a seller. Hence, the average time it takes for a buyer to
trade (“shopping time”) is 1/[eα(1/e)].

The trading procedure in the first stage operates as follows. We denote by p the price of the
first stage good in terms of the second stage numéraire. At the beginning of the first stage, the
market price p is posted and observable to all agents. Given the price p, buyers indicate how much
they want to buy, qb, while sellers indicate how much they want to sell, qs. An active seller in the
first stage chooses a quantity to supply, qs, where qs = arg maxq {−c(q) + pq} . Hence, the relative
price p must equal the seller’s marginal cost of production, p = c′(qs).

Upon entering the first stage, the buyer chooses search effort e by incurring a cost ψ(e). In
turn, the buyer is active in the first stage with probability eα(θ) and demands qb units of goods.
Taking as given the market price p, the buyer’s first stage value function is

V b(z) = max
e∈[0,1]

{
−ψ(e) + eα(θ) max

qb∈[0,q∗]
[u(qb)− pqb] +W b(z)

}
,

subject to pqb ≤ z. The buyer chooses the quantity of goods to purchase, or equivalently, the
amount of real balances to bring into the first stage. The buyer’s problem is

(e, qb) = arg max
e∈[0,1],q∈[0,q∗]

{−iz − ψ(e) + eα(θ)[u(q)− pq]} (10)

subject to pqb ≤ z.
Market clearing condition in the first stage implies that the market price p is such that the

aggregate demand for the first stage good equals the aggregate supply:∫
b∈[0,1]

ebα(1/e)qb db = eα(1/e)qs,

where eb is the search intensity of an individual buyer b ∈ [0, 1]. In a stationary and symmetric
equilibrium, market clearing implies qb = qs ≡ q. Provided that γ > β, the buyer’s cash constraint
binds and hence buyers spend all their money, z = pq. Since p = c′(q), real balances are given by
z = c′(q)q. So long as γ > β, sellers have no strict incentive to take real balances into the first
stage.

Lemma 5. Given (p, i, θ), the buyer’s optimal choice of (e, q) is described by a correspondence
D(p, i, θ) defined by

D(p, i, θ) = arg max
e,q
{−ipq − ψ(e) + eα(θ)[u(q)− pq]} .
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The correspondence D(p, i, θ) is non-empty, compact-valued, and upper hemicontinuous. Moreover,
D(p, i, θ) is decreasing in (p, i).

Proof. Define Ω(e, q; p, i, θ) ≡ {−ipq − ψ(e) + eα(θ)[u(q)− pq]} where

D(p, i, θ) = arg max
e,q

Ω(e, q; p, i, θ).

Note that the buyer’s choice of (e, q) lies in a compact set, [0, 1] × [0, q∗]. By the Theorem of the
Maximum, the correspondence D(p, i, θ) : [0,∞) × [0,∞) × [1,∞) → [0, 1] × [0, q∗] is non-empty,
compact-valued, and upper hemicontinuous.

We show that D(p, i, θ) is decreasing in (p, i) by applying Topkis’ Theorem (see Theorem 2.8.1
in Topkis (1998)). First note that Ω(e, q; p, i, θ) is a supermodular function of (e, q), since p = c′(q)
implies

Ωeq = α(θ)[u′(q)− c′(q)] ≥ 0.

In addition, Ω(e, q; p, i, θ) is strictly supermodular in (e, q) if e < 1 and q < q∗. Next, we show that
Ω(e, q; p, i, θ) exhibits increasing differences in (e, q), (−i,−p). Note that

Ωe = −ψ′(e) + α(θ)[u(q)− pq] and Ωq = −ip+ eα(θ)[u′(q)− p]

implies the second derivatives

Ωei = 0, Ωep = −α(θ)q ≤ 0, Ωqi = −p ≤ 0, Ωqp = −[i+ eα(θ)] ≤ 0.

Since Ω(e, q; p, i, θ) is a supermodular function of (e, q) and Ω(e, q; p, i, θ) exhibits increas-
ing differences in (e, q), (−i,−p), then by Topkis’ Theorem, the optimal choice correspondence
arg maxe,q Ω(e, q) will be increasing in (−i,−p). Hence D(p, i, θ) = arg maxe,q Ω(e, q) is decreasing
in (i, p), and strictly decreasing if e < 1 and q < q∗. �

From Lemma 5, the buyer’s optimal choice set (e, q) are decreasing functions of (i, p) and strictly
decreasing if the solution is interior.

Definition. With competitive pricing, a stationary and symmetric competitive equilibrium is a pair
(q, e) such that

1. Given (i, p), (e, q) ∈ D(i, p, θ),

2. The relative price p solves p = c′(q),

3. The quantity traded q clears the market:
∫
b∈[0,1] ebα(1/e)qb db = eα(1/e)qs.

When the solution is interior, (q, e) solve

u′(q)

c′(q)
= 1 +

i

eα(1/e)
, (11)
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ψ′(e) = α(1/e)
[
u(q)− qc′(q)

]
. (12)

From (11), output approaches q∗ as i approaches zero. According to (12), the buyer’s choice of
search intensity is such that the marginal cost from searching equals the marginal gain in the
buyer’s surplus.

Proposition 5. Consider the model with competitive pricing in the first stage.

1. At i = 0, the unique solution satisfies q = q∗ and e such that

e > e∗

e = e∗

e < e∗
if

[
1− α′(1/e∗)

α(1/e∗)e∗

] <
=
>

[
u(q∗)− q∗c′(q∗)
u(q∗)− c(q∗)

]
. (13)

2. Suppose i is close to zero: ( i) if c is strictly convex (c′′ > 0), dq
di < 0 and de

di > 0, ( ii) if c is

linear (c′′ = 0), dq
di < 0 and de

di < 0.

Proof. (1) q∗ solves (11) if and only if i = 0, which is the Friedman rule. e∗ solves (12) if[
1− α′(1/e∗)

α(1/e∗)e∗

]
[u(q∗)− c(q∗)] = u(q∗)− q∗c′(q∗).

At i = 0, equilibrium search intensity is genericaly inefficient: the Friedman rule generates efficiency
in the quantity traded per match but not in the number of trades.
(2) Suppose i is close to zero.
(i) When c is strictly convex (c′′ > 0), q and e are given by (11) and (12). We apply the Implicit
Function Theorem (IFT) to (11) and differentiate to obtain

de

dq
=

[eα(1/e)]2[c′′(q)u′(q)− u′′(q)c′(q)]
i[α(1/e)− α′(1/e)/e][c′(q)]2

> 0, (14)

since α is strictly increasing, u is strictly increasing and concave for q > 0, and c is strictly increasing
and convex. Similarly from (12),

de

dq
=

α(1/e)2 [u′(q)− c′(q)− qc′′(q)]
[α(1/e)ψ′′(e) + α′(1/e)ψ′(e)/e2]

. (15)

When i is close to zero, q is in the neighborhood of q∗, and from (15), −q∗c′′(q∗) ≤ 0 and hence
de
dq ≤ 0 at q = q∗. Hence for q close to q∗, e given by (12) is decreasing in q. Consequently, an
increase in i leads to a fall in q from Lemma 5 and a rise in e from (15).
(ii) When c is linear, de

dq = 0 from (15) for all q ∈ [0, q∗]. Hence from Lemma 5, an increase in i
unambiguously leads leads to a fall in q and e for all i ≥ 0.
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