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Abstract

Unpredictable behavior is central to optimal play in many strategic situations because

predictable patterns leave players vulnerable to exploitation. A theory of unpredictable

behavior based on differential complexity constraints is presented in the context of re-

peated two-person zero-sum games. Each player’s complexity constraint is represented

by an endowed oracle and a strategy is feasible iff it can be implemented with an oracle

machine using that oracle. When one player’s oracle is more complicated than the other

player’s, no equilibrium exists without one player fully exploiting the other. If each player

has an incompressible sequence (relative to the opponent’s oracle) according to the Kol-

mogorov complexity, an equilibrium exists in which equilibrium payoffs are equal to those

of the stage game and all equilibrium strategies are unpredictable. A full characterization

of history-independent equilibrium strategies is also obtained with implications for the

empirical literature.
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1 Introduction

Unpredictable behavior is central to optimal play in many strategic situations, especially

in social interactions with conflicts of interest. There are many illustrative examples from

competitive sports, such as the direction of tennis serves and penalty kicks in soccer.

Other relevant examples include secrecy in military affairs, bluffing behavior in poker,

and tax auditing. A prototypical example is the matching pennies game: two players

simultaneously present a coin and one player wins if the sides of the coins coincide while

the other wins if the sides differ. In these situations, it seems optimal for players to

aim at being unpredictable to avoid detectable patterns that leave them vulnerable to

exploitation. This intuition has been around since the beginning of game theory. Von

Neumann and Morgenstern [17] point out that, in a matching pennies game, a player will

concentrate on hiding his intentions even from moderately intelligent opponents.

Although the classical model of unpredictable behavior using mixed strategies is widely

adopted, debates about its foundation and interpretation remain unsettled. The standard

randomization interpretation has encountered serious criticisms; Aumann [2] argues that

“the idea that serious people would base important decisions on the flip of a coin is difficult

to accept,” and many authors share this opinion (see, for example, Rubinstein [22]).1

Moreover, the model with mixed strategies does not provide a foundation for unpredictable

behavior based on pattern-exploitation; rather, it simply assumes mixed strategies are

unpredictable, either in one-shot games or repeated situations. Such a foundation requires

an explicit model of the source of unpredictability and a formal derivation that shows

unpredictable behavior avoids pattern-exploitation in equilibrium. Because patterns exist

only in repeated plays, such a model can only be found in the context of repeated plays.

This paper studies equilibrium unpredictable behavior in the context of (infinitely)

1These criticisms, however, are specifically against the use of randomization devices in one-shot games.

Another theory of mixed strategies has become more influential in the context of one-shot games—

the belief interpretation, which identifies mixed strategies with beliefs. That theory makes predictions

about beliefs instead of actions (see, for example, Aumann and Brandenburger [3]). However, the belief

interpretation is unrelated to the pattern-exploitation intuition for unpredictable behavior.
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repeated two-person zero-sum games, but in a framework that has differential complexity

constraints. These constraints give boundaries for strategies that players can implement

and hence they also restrict patterns that players can exploit. The complexity constraints

may differ for different players. As a result, a pattern can be simple to one player but

can be complicated and not exploitable to another. Moreover, a salient feature of this

framework is the possibility for both players to implement complicated strategies relative

to the other player’s complexity constraint.

The complexity constraints are borrowed from the computability theory originated by

Turing [24]. The core concept in this literature is relative computability, and the building

block for this concept is a model of computation called oracle machines. An oracle machine

formalizes the intuitive notion of an algorithm or a finite procedure. However, it differs

from a Turing machine in that it allows the algorithm to use bits of information from

an external source called an oracle, which is an infinite binary sequence. Intuitively, an

oracle θ represents certain pieces of information or knowledge that cannot be obtained

from a mechanical procedure; the set of θ-computable functions (i.e., functions that can

be computed by an oracle machine with θ as the oracle) captures the algorithmic content

of the information contained in θ. For any oracle θ, the set of θ-computable functions is

always countable and hence most functions are not θ-computable.

Following this literature, in my framework each player i is endowed with an oracle θi.

θi represents player i’s strategic insight that may not be obtainable through mechanical

procedures. The complexity constraint captures limitations on implementation, and each

player i has to implement his actions through an algorithm modeled by an oracle machine

(using θi as the oracle). Because the set of θi-computable functions is countable, player i

can only implement countably many strategies and hence most strategies in the standard

model are not feasible for him. The computability relation then gives a measure of

complexity for the oracles: an oracle θj is more complicated than another oracle θi if

there is a oracle machine that computes θi using θj as the oracle. This relation is reflexive

and transitive but not complete. If θi is computable from θj, then any of player i’s

strategies would appear simple and exploitable for player j. On the other hand, if θi is
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not computable from θj and vice versa, both players can implement some strategies that

are complicated relative to the other player’s complexity constraint.

The goal of this paper is to investigate the relationship between the complexity of the

players’ oracles and the unpredictability of equilibrium behavior in the repeated game

with those oracles. My first result analyzes the case where one player’s oracle is stronger

than the other player’s. I show that a Nash equilibrium exists if the stronger oracle is

sufficiently complex, and, in this equilibrium, the stronger player fully exploits the other.

When one player’s oracle is stronger, any strategy of the weaker player can be simulated

and hence the full exploitation result follows. This result shows that if an equilibrium

exists without full exploitation (note that full exploitation implies perfect predictability

of one’s strategy by the other and is the opposite to unpredictable behavior), then the

two players’ oracles have to be incomparable in terms of the computability relation.

The main result is the existence of an equilibrium in which unpredictable behavior

emerges. I give a sufficient condition, called mutual complexity, for such existence. I use

Kolmogorov complexity [12], which measures how compressible a sequence is, to formu-

late mutual complexity. Sequences computable relative to an oracle have low Kolmogorov

complexity relative to that oracle. On the other hand, sequences that are highly in-

compressible (and hence has high Kolmogorov complexity) relative to an oracle can be

regarded as highly incomputable relative to that oracle. Mutual complexity is formulated

through the notion of incompressible sequences relative to an oracle, adopted from the

algorithmic randomness literature (see the survey paper Downey et al. [7]). It states that

each player can compute, using his own oracle, an incompressible sequence relative to the

other player’s oracle. Mutual complexity is generically true in the space of oracles.

It is also shown that, under mutual complexity, the equilibrium payoffs are the same

as those of the stage game. This implies, together with the first result, that equilibrium

strategies are not computable relative to the other player’s oracle. Moreover, I obtain a full

characterization of equilibrium history-independent strategies when the stage game has a

unique mixed equilibrium: a sequence of actions is an equilibrium strategy if and only if

the limit frequencies in any of its subsequences that can be selected in a computable way
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relative to the opponent’s oracle are consistent with the mixed equilibrium strategy of the

stage-game. A similar characterization result also holds for other zero-sum stage games

with necessary modifications. These results give a precise criterion for unpredictability in

repeated zero-sum games.

These results have implications for the empirical literature that tests the equilibrium

hypothesis in the context of a repeated zero-sum games. Many tests employed in that

literature (such as tests that compare the average payoffs across different actions from

the opponent) can be derived from the above characterization result. It has been shown

in a few papers that those tests are sufficiently powerful to distinguish between plays

from amateur subjects, which generally fail to exhibit equilibrium unpredictable behavior,

and plays from professional player, which may not be rejected as equilibrium plays (see

Walker and Wooders [25], Palacios-Huerta [20], and Palacios-Huerta and Volij [21] for

such findings).

Another implication is concerned with with statistical patterns expected from equilib-

rium play. The empirical literature mentioned above generally assumes that the equilib-

rium hypothesis can only be consistent with observed plays as i.i.d. sequences. However,

equilibrium strategies that are inconsistent with any i.i.d. process in terms of statistical

regularities are shown to always exist in my framework. That result may serve a potential

explanation for the violations of the i.i.d. assumption that are observed in the data.

In fact, it has been noticed that the i.i.d. requirement may be too strong for judging

whether a sequence of plays is unpredictable relative to other players. Palacios-Huerta

and Volij [21], commenting on the departure of observed plays from the i.i.d. assumption,

argues that “as long as players behavior is largely unpredictable to other players, [...]

we may safely say that the minimax theory does well in explaining our soccer players

choices.” However, the standard model with mixed strategies is incapable to study this

relative unpredictability, because mixed strategies are assumed to be unpredictable to

any player. In contrast, my framework directly targets relative unpredictability and it

provides a precise requirement for a strategy to be unpredictable relative to the opponent.

It turns out that a sequence does not have to be like an i.i.d. sequence to be sufficiently
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unpredictable in the context of repeated games.

Here I turn to related literature. My framework is formally related to the machine

game framework (Aumann [1]) that employs finite automata to model strategic com-

plexity. Ben-Porath [4] adopts that approach and shows, assuming randomization over

automata, that the player with a sufficiently bigger automaton than the other fully ex-

ploits the other in an infinitely repeated zero-sum game. The use of mixed strategies is

essential for equilibrium existence. In contrast, players in my model can only use pure

strategies but I obtain existence with oracle machines as the model of strategic complexity.

The crucial difference is that the complexity measure in the machine game literature is

linear—any two automata are comparable in size, while two oracles can be (even highly)

incomputable relative to each other. Indeed, the literature of computability theory focuses

on partial order over the oracles given by the computability relation (called Turing degrees)

and shows that such relative incomparability prevails in the space of oracles. Another

notable difference is that while any legitimate strategy in the machine game literature is

computable, players could implement incomputable strategies in my model. Notice that

all equilibrium strategies are incomputable under mutual complexity.

Although it may appear difficult to understand incomputable strategies, those strate-

gies are rather appropriate for a model of unpredictable behavior. First, any computable

strategy can be implemented with an algorithm and hence cannot be genuinely unpre-

dictable.2 Second, the use of incomputable oracles does not contradict the Church-Turing

thesis; that thesis only asserts that all finite procedures can be captured by Turing ma-

chines but does not imply that all human insights (such as mathematical abstraction and

logical inference) are bounded by computable ones.3 The oracles in my framework thus

represent players’ strategic abilities that may not be obtainable through mechanical pro-

cesses but may come from their talents through cultivations and experiences. My results

2This argument is consistent with the requirement proposed by McKelvey [16] that a theory of strategic

interaction should be ‘publication-proof,’ that is, it should survive its own publication.
3See Golding and Wegner [8] for an argument that refutes the “strong Church-Turing thesis” that

asserts the equivalence between Turing computability and all forms of intelligence. See also Soare [23]

for the historical remarks on the thesis.
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show that these strategic abilities have to be sufficiently complex to produce unpredictable

behavior in equilibrium.

The rest of the paper is organized as follows. Section 2 formulates repeated games with

complexity constraints and gives the equilibrium analysis, including a characterization of

equilibrium unpredictable behavior. Section 3 gives the general existence result and then

discusses some patterns in equilibrium strategies that are not from an i.i.d. process.

Section 4 discusses empirical implications and extensions to finite sequences. All proofs

appear in Section 5.

2 Strategic complexity in repeated zero-sum games

2.1 Preliminaries on relative computability

A function f with arguments and values in natural numbers is computable if there exists

a computer program that computes f , i.e., if n is in the domain of f then the program

halts on input n and produces output f(n), and if n is not in the domain of f then the

algorithm does not halt on input n and runs forever. The formal definition is based on

a model of idealized computations using Turing machines (see Odifreddi [19] for details),

which are programs run on an idealized computer without memory or time restrictions.

The celebrated Church-Turing hypothesis states that Turing-computability captures our

intuition of a finite procedure or an algorithm; that is, a function can be computed by an

algorithm if and only if it can be computed by a Turing machine.

Two remarks on computable functions are in order. First, the domain of a computable

function can be a strict subset of N: an algorithm may run into an infinite loop and never

produce an output for some inputs. The notation f :⊂ N → N is sometimes used in the

following to emphasize that the domain of f , denoted by dom(f), is a subset of N. When

f(n) is defined for every natural number n, f is said to be total. Second, the notion of

computability can be extended to other sets of mathematical objects such as Nk or strings

over a finite set. These sets can be effectively identified with N: there are computable

7



ways to encode elements of those sets as natural numbers, i.e. there exist computable

one-to-one correspondences, called codings, between these sets and the set N. Consider

N2 as an example: Every pair (m,n) of natural numbers can be encoded as the number

(n+m)(n+m+ 1)/2 + n, which is a computable function.

For later purposes some discussion about finite strings is useful. For any finite set X

let X∗ be the set of finite strings over X, that is, X∗ =
⋃
n∈NX

n, where X0 = {ε} and

ε is the empty string. X∗ can be effectively identified with N. Take the set {0, 1}∗ as an

example: Every finite binary sequence σ = (σ0, ..., σn−1) can be encoded as the number∑n−1
t=0 σt2

n−1−t+2n−1, which is computable. Codes for other finite sets X can be similarly

constructed. Given the coding, computable functions to and from X∗ are well-defined. In

what follows, the notion of computability will be applied to sets that can be effectively

identified with N, assuming a fixed coding but without constructing specific codes.

Most functions that can be described explicitly are computable almost by definition.

However, the existence of incomputable functions can be easily shown by a counting argu-

ment. Because the set of computable functions, which has the same cardinality as the set

of computer programs (which are finite sequences of symbols), is countable, most func-

tions are not computable. The celebrated result in computability theory, the Enumeration

Theorem ([19], Theorem II.1.5), gives an effective enumeration of all computable func-

tions: It states the existence of a binary computable function U :⊂ N2 → N, called the

universal Turing machine, such that for every computable function f there is an m such

that f(·) ∼= U(m, ·); that is, such that f(n) is defined if and only if U(m,n) is defined,

and when both are defined their values coincide. The Enumeration Theorem also provides

an explicit example of an incomputable function: the characteristic function for dom(U),

the halting problem, which consists of all pairs (m,n) such that U(m,n) is defined.

Now I turn to the notion of an oracle machine, which is a Turing machine with

access to a black box, called an oracle. The only difference from Turing machines is that

oracle machines may “call” to the oracle during computation. Calling to an oracle is

similar to calling another program in programming languages: a program calls to another

function f which returns values that are not directly computed by the program. Oracle
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machines generalize this idea and allow the oracle to be any infinite binary sequence

θ = (θ0, θ1, ...) ∈ {0, 1}N. If a function f can be computed with an oracle machine P

using θ as the oracle, then the function f is said to be computable relative to θ, or θ-

computable. θ-computability captures what can be computed with an algorithm using

information contained in θ which may not be obtainable by mechanical processes.

Although the oracle may contain infinite bits of information, any actual computation

only uses finitely many bits through a specific machine P . Thus, if P halts at input n

using θ as the oracle, then there is a number k such that for any oracle θ′ with θ′i = θi for

all i = 0, ..., k−1, P halts at n for θ′ with the same output. This uniform feature leads to

a useful technique called relativization that extends many results in Turing-computability

to computability relative to an oracle without changing the proofs substantially. One such

extension is the Enumeration Theorem relative to an oracle θ: There exists a binary θ-

computable function U θ :⊂ N2 → N such that for every θ-computable function f there is

an m such that f(·) ∼= U θ(m, ·). Thus, only countably many functions are θ-computable.

Another result is that the characteristic function for dom(U θ), the halting problem relative

to θ, is not θ-computable. That function is denoted by θH . However, θ is θH-computable.

An oracle can be regarded as a function over N and hence, given two oracles θ and

η, it is legitimate to ask whether θ is η-computable or not. It is easy to show that if θ

is η-computable and if a function f is θ-computable, then f is also η-computable. The

computability relation then gives a partition over oracles called Turing degrees : θ and η

belong to the same degree if and only if θ is η-computable and η is θ-computable. For

any oracle θ, θ and θH do not belong to the same degree.

Turing degrees give one way to classify the oracles in terms of their complexity. How-

ever, when η is not θ-computable, it does not tell how incomputable η is in any sense.

Another concept, Kolmogorov complexity [12], is more useful; it measures the complex-

ity of a finite object in terms of its minimum description length for a given language.

A language is a mapping from finite strings over {0, 1} to those strings, i.e., a function

L :⊂ {0, 1}∗ → {0, 1}∗ (notice that a language may not be a total function). Its domain

consists of legitimate descriptions and its range consists of objects to be described. I con-
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sider prefix-free languages only, which have nice connections to unpredictability (see Li

and Vitányi [13] for a useful discussion on different languages). A language L is prefix-free

if for any descriptions σ, τ ∈ dom(L), σ is not an initial segment of τ ; that is, either

τ is shorter than σ or σ = (σ0, ..., σk−1) 6= (τ0, ..., τk−1). Notice that if a language L is

prefix-free, then L is not total. The Kolmogorov complexity of a string σ is defined as

KL(σ) = min{|τ | : τ ∈ {0, 1}∗, L(τ) = σ},

and KL(σ) =∞ if there is no τ ∈ dom(L) such that L(τ) = σ.

For a given oracle θ, because {0, 1}∗ can be effectively identified with N, it is legitimate

to speak of θ-computable prefix-free languages. Using the relativized Enumeration The-

orem, it can be shown that there exists a θ-computable universal prefix-free language for

θ, denoted by Lθ,
4 that satisfies the following property: for any θ-computable prefix-free

language L, there is a constant c ∈ N (which depends on L) such that L(σ) ∼= Lθ(0
c1σ)

for all σ ∈ {0, 1}∗. The complexity measure KLθ is denoted by Kθ; Lθ is universal in the

sense that for any θ-computable prefix-free language L, there is a constant c such that

Kθ(σ) ≤ KL(σ)+c for all σ ∈ {0, 1}∗. There is a uniform upper bound for the Kolmogorov

complexity: for any oracle θ, there is a constant d ∈ N such that Kθ(σ) ≤ |σ|+2 log2 |σ|+d

for all σ ∈ {0, 1}∗, where |σ| is the length of the string.

Finally, a string σ ∈ {0, 1}∗ is said to be d-incompressible relative to θ for some d ∈ N

if Kθ(σ) > |σ| − d. An oracle η is said to be incompressible relative to θ if its initial

segments are all d-incompressible for some d ∈ N, that is, Kθ(η[n]) > n− d for all n ∈ N,

where η[n] is the initial segment of η with length n, containing the first n elements of η. It

is known that the set of incompressible sequences relative to a fixed oracle θ has measure

1 under the uniform distribution over {0, 1}N. Moreover, incompressible oracles relative

to θ are not θ-computable: if an oracle η is θ-computable, then for some constant d ∈ N,

Kθ(η[n]) ≤ 2 log2 n+ d, and hence is not incompressible relative to θ. On the other hand,

incompressible sequences can be regarded as highly incomputable. Indeed, as will become

4Universal prefix-free languages relative a fixed oracle θ are not unique; however, the complexity

measure derived from any such language only differs by a constant. In what follows I fix a particular

universal language.
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clear later, an incompressible oracle η does not have any statistically “rare” properties

relative to θ and hence incompressibility connects complexity to unpredictability as well.

2.2 Strategic complexity

Here I propose a model of repeated two-person zero-sum games with complexity con-

straints. The stage game is a finite two-person zero-sum game g = 〈X1, X2, h1, h2〉, where

for i = 1, 2, Xi is the set of player i’s actions and hi : X1×X2 → Q is the von Neumann-

Morgenstern utility function for player i, with Q being the set of rational numbers.5 g

is zero-sum in that h1(x1, x2) + h2(x1, x2) = 0 for all (x1, x2) ∈ X1 × X2. My analysis

focuses on repeated games whose stage games have no pure equilibrium.6 However, the

main result extends to general n-person games.

In a repeated game with complexity constraints, each player i is endowed with an

oracle θi and is restricted to use an oracle machine to implement his strategy; hence,

a strategy is feasible for player i if and only if it is θi-computable. The set of all θi-

computable functions that are total is denoted by C(θi). Notice that, by the relative

Enumeration Theorem, the set C(θi) is countable and hence the set of feasible strategies

for each player is only countable. Therefore, most strategies in the standard model are

not feasible for either player; indeed, for player i, any strategy that is more powerful than

(θi)H , the halting problem relative to θi, is not feasible.

Definition 2.1. Let g = 〈X1, X2, h1, h2〉 be a finite zero-sum game and let θ1, θ2 be two

oracles. The repeated game with oracles θ1, θ2 based on the stage game g, denoted by

RG(g, θ1, θ2), is a triple 〈A1,A2, u1, u2〉 such that

(a) Ai = {αi : X∗−i → Xi : αi ∈ C(θi)} is the set of player i’s strategies;

(b) ui : A1 ×A2 → R is player i’s payoff function defined as

ui(α1, α2) = lim inf
T→∞

T−1∑
t=0

hi(ξ
α,1
t , ξα,2t )

T
, (1)

5I assume that payoffs are rational-valued because of computability issues.
6If the stage game has a pure equilibrium, there are obvious equilibria in the repeated game as well

where unpredictability plays no role.
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where (ξα,1t , ξα,2t ) is the outcome of period t for the strategy profile α = (α1, α2) defined

by ξα,j0 = αj(ε) and for any t ≥ 0, ξα,jt+1 = αj(ξ
α,−j
0 , ξα,−j1 , ..., ξα,−jt ), for both j = 1, 2.

Because the average payoffs may not converge, taking limit inferior or other modifica-

tion is necessary. Here I choose limit inferior and make the criterion symmetric between

the players. This choice is useful to obtain a full characterization of equilibrium strategies

but not essential for equilibrium existence. Notice also that the game RG(g, θ1, θ2) is not

zero-sum because limit inferior is only super-additive but not additive. Hence, the value

for RG(g, θ1, θ2) (the unique equilibrium payoff) may not exist. However, unique equilib-

rium payoffs can still be obtained by imposing the maximin criterion. For this reason I

introduce the notion of secured equilibrium. Notice that ui(αi;α−i) stands for ui(α1, α2).

Definition 2.2. (1) The security level for a strategy αi ∈ Ai, denoted by si(αi), is given

by si(αi) = infα−i∈A−i ui(αi;α−i).

(2) A secured equilibrium in the repeated gameRG(g, θ1, θ2) is a pair of strategies (α∗1, α
∗
2) ∈

A1 ×A2 such that (a) for i = 1, 2, α∗i ∈ arg maxαi∈Ai si(αi); (b) s1(α∗1) + s2(α∗2) = 0.

(3) When a secured equilibrium (α∗1, α
∗
2) exists, the value for player i of the repeated game

RG(g, θ1, θ2), denoted by Vi(g, θ
1, θ2), is defined to be si(α

∗
i ).

The following lemma shows that secured equilibrium refines Nash equilibrium in

RG(g, θ1, θ2). This holds because g is zero-sum. All proofs are in Section 5.

Lemma 2.1. Suppose that (α∗1, α
∗
2) is a secured equilibrium in RG(g, θ1, θ2). Then,

(α∗1, α
∗
2) is also a Nash equilibrium in RG(g, θ1, θ2).

Now I turn to equilibrium analysis of RG(g, θ1, θ2), with the goal of investigating

conditions on (θ1, θ2) under which unpredictable behavior would emerge in equilibrium

and the structure of unpredictable behavior when it emerges. I begin with a negative result

where unpredictable behavior does not happen. Intuitively, if one player can fully capture

the behavioral pattern in any strategy of his opponent, then in equilibrium the opponent’s

behavior would be perfectly predictable and fully exploited; this would not be called

“unpredictable behavior.” I formalize this intuition with the following proposition, which
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deals with the case where θ2 is θ1-computable, and show that player 1 fully exploits player

2 in this case. Indeed, when θ2 is θ1-computable, any strategy of player 2 can be simulated

by player 1 in the sense that it is also θ1-computable and hence its behavioral pattern can

be fully captured by player 1. Recall that for any oracle θ, θH is the characteristic function

for the halting problem relative to θ; θ is θH-computable but θH is not θ-computable.

Proposition 2.1. Let g = 〈X1, X2, h1, h2〉 be a two-person zero-sum game without any

pure equilibrium.

(a) If (θ2)H is θ1-computable, then a secured equilibrium exists in RG(g, θ1, θ2).

(b) Suppose that θ2 is θ1-computable. If a secured equilibrium exists, then

V1(g, θ1, θ2) = min
x2∈X2

max
x1∈X1

h1(x1, x2).

The intuition behind the proof for part (b) is rather straightforward. Consider the

matching pennies game gMP = 〈{x1, x2}, {y1, y2}, h1, h2〉 with

h1(x1, y1) = 1 = h1(x2, y2) and h1(x1, y2) = −1 = h1(x2, y1).

Suppose that θ2 is θ1-computable, and suppose that that there is a secured equilibrium,

and hence a Nash equilibrium, in RG(g, θ1, θ2). For any player 2’s equilibrium strategy,

there is a θ1-computable function that simulates that strategy and player 1 can devise a

θ1-computable strategy to exactly match that strategy. Hence, the equilibrium payoff for

player 1 has to be 1. Notice that this result also implies that there is no equilibrium when

C(θ1) = C(θ2), i.e., when the two oracles belong to the same Turing degree.

The proof for part (a) is more involved. By part (b) one has to construct a strategy

α∗1 for player 1 that fully exploits player 2 to prove equilibrium existence. The idea for

the construction in the proof is the following. First enumerate player 2’s strategies as

α0
2, α

1
2, ...α

k
2, ...; against α∗1, any two strategies αk2 and αl2 either give the same outcome

across all periods or there is a finite period when the two strategies give different actions.

In period 0, α∗1 assumes that player 2 is playing α0
2 and chooses an optimal action against

α0
2; if that hypothesis is proved wrong at some period, α∗1 finds the minimum index in

the list such that the associated strategy is consistent with the observed history and then
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uses that strategy as the working hypothesis to choose an optimal action. At any point

of time α∗1 always has a working hypothesis about player 2’s strategy and it looks for the

next possible strategy when proved wrong. Because every strategy of player 2 appears in

the list, player 2’s strategy will be found out by α∗1 at a finite time and hence α∗1 fully

exploits any strategy of player 2.

To ensure that α∗1 is θ1-computable, θ1 has to be sufficiently powerful relative to

θ2. Indeed, although the Enumeration Theorem gives a θ2-effective list of θ2-computable

functions, it does not tell which ones are total and hence qualify as strategies. The

assumption that (θ2)H is θ1-computable ensures that when α∗1 finds a potential hypothesis

αk2 for player 2’s strategy, player 1 can check whether αk2 is a valid strategy in the sense

that it gives an action for the next period.

As a corollary of Proposition 2.1, if a secured equilibrium exists and neither player fully

exploits the other in equilibrium, then each player’s equilibrium strategy is not computable

relative to the opponent’s oracle and hence the two players’ oracles are incomparable

in terms of the computability relation. This result gives a necessary condition for the

existence of a secured equilibrium where neither player fully exploits the other: C(θi) −

C(θ−i) 6= ∅ for both i = 1, 2.

To discuss unpredictability the focus is on the case where Vi(g, θ
1, θ2) is equal to the

value v∗i of the stage game for both i’s. The generic existence of such an equilibrium will

be established in the next section, which requires other structures than the computability

relation. Here I give a characterization of equilibrium history-independent strategies in

such an equilibrium. A strategy αi : X∗−i → Xi is history-independent if αi gives the same

action for all σ ∈ X∗−i with the same length and hence such a strategy can be identified

with an infinite sequence ξi = (ξi0, ξ
i
1, ...) ∈ XN

i .

For the characterization result I need a concept called selection functions. For any

given finite set X, a selection function for X is a total function r : X∗ → {0, 1}. Given

a sequence ξ = (ξ0, ξ1, ξ2, ...) ∈ XN, r can be used to choose a subsequence ξr from ξ as

follows: for all t ∈ N, ξrt = ξg(t), where g(0) = min{t : r(ξ[t]) = 1}, and g(t) = min{s :
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r(ξ[s]) = 1, s > g(t−1)} for t > 0.7 Recall that ξ[t] = (ξ0, ξ1, ..., ξt−1) is the initial segment

of ξ with length t. Such a selection function may not produce an infinite subsequence,

but only a finite initial segment. I use ∆(X) to denote the set of probability distributions

over X with rational probability values, i.e., ∆(X) = {p ∈ ([0, 1]∩Q)X :
∑

x∈X p[x] = 1}.

Theorem 2.1 (Equilibrium characterization). Suppose that a secured equilibrium exists

in RG(g, θ1, θ2) with Vi(g, θ
1, θ2) = v∗i for both i = 1, 2, where v∗i is the value of g for i.

(a) A θi-computable sequence ξ ∈ XN
i is an equilibrium strategy in RG(g, θ1, θ2) if for any

θ−i-computable selection function r for Xi such that ξr is an infinite sequence, there is an

equilibrium mixed strategy pi ∈ ∆(Xi) such that

lim
T→∞

T−1∑
t=0

cxi(ξ
r
t )

T
= pi[xi] for all xi ∈ Xi. (2)

(b) Let ξ ∈ XN
i be an equilibrium strategy in RG(g, θ1, θ2). For any θ−i-computable selec-

tion function r for Xi such that lim infT→∞
∑T−1

t=0
r(ξ[t])
T

> 0, the limit of any convergent

subsequence of {(
∑T−1

t=0

cxi (ξ
r
t )

T
)xi∈Xi}T∈N is an equilibrium mixed strategy of g.

(c) Suppose that g has a unique equilibrium (p1, p2). If ξ ∈ XN
i is an equilibrium strat-

egy in RG(g, θ1, θ2), then for any θ−i-computable selection function r for Xi such that

lim infT→∞
∑T−1

t=0
r(ξ[t])
T

> 0, limT→∞
∑T−1

t=0

cxi (ξ
r
t )

T
= pi[xi] for all xi ∈ Xi.

The proof of Theorem 2.1 (a) is based on the following observation. For a candidate

equilibrium (history-independent) strategy ξi for player i, its payoff against a strategy

αj ∈ Aj depends on the collection of selection functions {ry}y∈Xj such that ry(σ) = 1 if

αj(σ) = y and ry(σ) = 0 otherwise for each σ ∈ X∗i . Notice that each ry is θj-computable

because αj is. Indeed, for any T , the payoff
∑T−1

t=0
hi(ξ

i
t;αj(ξ

i[t]))

T
is a weighted average of

{
∑Ty−1

t=0
hi((ξ

i)r
y

t ;y)

Ty
}y∈Xj , where Ty =

∑T−1
t=0 r

y(ξi[t]). Condition (2) ensures that for any y,

the average payoff along the subsequence (ξi)r
y

against y is greater or equal to the value

v∗i of the stage game and hence the overall payoff for ξi against αj is also at least v∗i .

The necessary conditions in (b) and (c) are valid only for equilibrium strategies in a

secured equilibrium. Their reasoning is also based on the above observation. If a conver-

7If at some t, there is no s > g(t− 1) such that r(ξ[s]) = 1, then g(t) is undefined.
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gent subsequence of {(
∑T−1

t=0

cxi (ξ
r
t )

T
)xi∈Xi}T∈N fails to converge to a mixed equilibrium of

the stage game, then r can be used to devise a strategy αj that gives player i a payoff

that is strictly lower than v∗i . Notice that the statement (c) is a directly corollary of (b)

for repeated games whose stage games have unique equilibria.

Assuming that players adopt history-independent strategies, there are a few empirical

implications from Theorem 2.1. First it implies that any equilibrium strategy is incom-

putable relative to the opponent’s oracle. This result formalizes the intuition that players

should not adopt “simple strategies” which may be exploited by the opponents. My

framework captures the relative aspect of this intuition; a seemingly complicated strategy

may be “simple” for some players and hence to avoid exploitations from them a strategy

has to be sufficiently complicated relative to what those players can do.

Moreover, Theorem 2.1 implies that the limit frequencies in equilibrium strategies are

consistent with equilibrium mixed strategies of the stage game. This frequency implication

extends also to subsequences of the equilibrium strategies that can be effectively selected

by the opponent. One such subsequence is to select places where the opponent chooses a

particular action. Section 4.1 discusses how this implication is related to empirical tests

adopted to test the equilibrium hypothesis in repeated zero-sum games in the literature.

3 Complexity and Unpredictability

3.1 Kolmogorov complexity and existence

Here I show that a secured equilibrium exists with the values equal to those of the stage

game when both players’ oracles are sufficiently complex relative to each other. By suf-

ficiently complex I mean that each player’s oracle can compute another oracle that is

incompressible relative to the other player’s oracle. Recall that an oracle ν is incompress-

ible relative to another oracle θ (called θ-incompressible hereafter) if, under the universal

prefix-free language Lθ for θ, the Kolmogorov complexity of the initial segments of ν is

high. Now I formalize this requirement as follows.
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Definition 3.1. Two oracles θ1 and θ2 are mutually complex if there are oracles ν1 ∈ C(θ1)

and ν2 ∈ C(θ2) such that for both i = 1, 2, νi is θ−i-incompressible.

Mutual complexity is rather a generic property among pairs of oracles, as shown in the

following proposition. For any (θ1, θ2) ∈ {0, 1}N×{0, 1}N, define θ1⊗θ2 ∈ ({0, 1}×{0, 1})N

by (θ1 × θ2)n = (θ1
n, θ

2
n) for all n ∈ N.

Proposition 3.1. Let MC = {θ1⊗θ2 ∈ ({0, 1}×{0, 1})N : θ1 and θ2 are mutually complex}.

Then MC has measure 1 under the uniform distribution.

The following theorem states that mutual complexity is a sufficient condition for ex-

istence of a secured equilibrium with value equal to that of the stage game.

Theorem 3.1 (Existence). Let g be a finite zero-sum game. Suppose that θ1 and θ2

are mutually complex. Then there exists a secured equilibrium in RG(g, θ1, θ2) with

Vi(g, θ
1, θ2) = v∗i for both i = 1, 2, where v∗i is the value of g for i.

This existence result does not depend on the limit inferior criterion. In fact, the

theorem remains the same if limit superior is adopted or anything that lies between limit

inferior and limit superior. Moreover, a similar existence result also holds for any finite

N -person stage games; see Section 4.2.

Recall that by Theorem 2.1 (a), a θi-computable sequence satisfying the condition

(2) for any θ−i selection function r gives a minimal payoff that is at least equal to the

equilibrium payoff v∗i of the stage game g. It is known that if νi is θ−i-incompressible for

both i = 1, 2, then νi satisfies limT→∞
∑T−1

t=0
(νi)rt
T

= 1
2

for any θ−i-computable selection

function r for {0, 1} such that (νi)r is an infinite sequence. Therefore, if g is the matching

pennies game, then (ν1, ν2) is a secured equilibrium by Theorem 2.1 (a). However, (ν1, ν2)

is not an equilibrium for other games such as g0 = 〈{x1, x2}, {y1, y2}, h1, h2〉 given by

h1(x1, y1) = 2 = h1(x2, y2), h1(x1, y2) = −1, and h1(x2, y1) = −4. The unique equilibrium

in g0 is (p1, p2) such that p1[x1] = 1
3

= p2[y1] and p1[x2] = 2
3

= p2[y2], and hence, by

Theorem 2.1, an equilibrium strategy ξ for player 1 has limit frequency described by p1

but ν1 has frequency (1
2
, 1

2
).
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Nevertheless, ν1 can still be used to compute a strategy ξ with appropriate limit

frequencies; in the following I illustrate the construction by considering X1 = {x1, x2} and

p1[x1] = 1
3

as in the above example g0. Beginning from the θ2-incompressible sequence

ν1 ∈ {0, 1}N, the construction takes three steps.

(1) Convert ν1 into ζ over {w1, w2, w3, w4} as follows: ζn = w1 if (ν1
2n, ν

1
2n+1) = (0, 0), ζn =

w2 if (ν1
2n, ν

1
2n+1) = (0, 1), ζn = w3 if (ν1

2n, ν
1
2n+1) = (1, 0), and ζn = w4 if (ν1

2n, ν
1
2n+1) =

(1, 1). The limit frequency in ζ is described by (1
4
, 1

4
, 1

4
, 1

4
)

(2) Convert ζ into η over {w1, w2, w3} by dropping the action w4 in ζ. The limit frequency

in η is then described by (1
3
, 1

3
, 1

3
).

(3) Convert η into ξ over {x1, x2} by replacing action w1 in η by x1 in ξ and by combining

actions w2 and w3 in η into a single action x2 in ξ; that is, ξn = x1 if ηn = w1 and ξn = x2

otherwise. The limit frequency in ξ is then described by (1
3
, 2

3
).

In fact, for any finite set X and any p ∈ ∆(X), ν1 can be used to compute a sequence

with limit frequency p following a similar three-step procedure as above. It is rather

straightforward to check the constructed sequence has the desired limit frequencies, but

it is less obvious to see whether the limit frequencies are constant over all subsequences

selected by any θ2-computable selection functions, as required by condition (2) in The-

orem 2.1. Indeed, the main task in proving Theorem 3.1 is to demonstrate that this

condition holds for the constructed sequence. The main tool for the proof is a concept of

unpredictability based on betting functions that is connected to incompressibility.

Given a finite set X and a distribution p ∈ ∆(X), a betting function over X for p

is a nonnegative function B : X∗ → R+ such that B(σ) =
∑

x∈X B(σx) for all σ ∈ X∗.

Consider X = {0, 1} and p = (1
2
, 1

2
). Then a betting function B describes the stakes owned

by the gambler by betting B(σ0)−B(σ) on 0 after observing the partial history σ in a fair

gamble when the underlying process is i.i.d. (1
2
, 1

2
). Other betting functions have similar

interpretations. Intuitively, if a sequence ξ = (ξ0, ξ1, ..., ξt, ...) ∈ XN is unpredictable, then

there should be no betting function that generates unbounded payoffs by playing against

ξ. Formally, a betting function B for p is said to succeed over an infinite sequence ξ ∈ XN
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if B reaches unbounded payoffs by betting against ξ, that is, lim supn→∞B(ξ[n]) = ∞.

The set of infinite sequences over which B succeeds is denoted by succ(B).

Of course, because the sequence ξ is deterministic, there always exists a betting func-

tion B that succeeds over ξ. However, this concept becomes useful when considering

betting functions that are complexity-constrained by a fixed oracle. Given an oracle θ, a

betting function B for p ∈ ∆(X) is said to be θ-effective if it can be computably approxi-

mated from below relative to θ, that is, if there is a θ-computable function C : N×X∗ → Q

such that lims→∞C(s, σ) = B(σ), C(s+1, σ) ≥ C(s, σ) for all (s, σ) ∈ N×X∗, and C(s, ·)

is a betting function for p for each s. If for a sequence ξ ∈ XN, there is no θ-effective bet-

ting function for p ∈ ∆(X) that succeeds over ξ, then we may say that ξ is θ-random for

p. This terminology is borrowed from the algorithmic randomness literature (see Downey

et al. [7] or Nies [18] for a survey).

This notion of randomness is also connected with statistical regularities. Conceptually,

finding a betting function to succeed over a sequence ξ is analogous to finding a statistical

irregularity to exploit. Indeed, for any betting function B for p ∈ ∆(X), the set succ(B)

has measure 0 under the i.i.d. distribution generated by p over XN, denoted by µp. This

observation leads to an equivalent definition of randomness based on effective measure-0

sets (originally given by Martin-Löf [15]; see the supplemental material [11] for a precise

definition). Hence, a sequence ξ is θ-random for p ∈ ∆(X) if and only if it has no patterns

that occur with zero probability according to µp and that are detectable relative to θ.

Moreover, this notion of randomness is also connected to incompressibility, as the

following lemma shows. This lemma is a direct implication of the relativized versions of

Theorem 3.2.9 and Proposition 7.2.6 in Nies [18] and hence its proof is omitted.

Lemma 3.1. Let θ be an oracle. ν ∈ {0, 1}N is θ-incompressible if and only if ν is

θ-random for (1
2
, 1

2
).

To prove Theorem 3.1, first I show, in Lemma 5.1, that for any finite set X and any

p ∈ ∆(X), a θ-incompressible sequence ν can be used to compute a θ-random sequence

ξ ∈ XN for p, following the three-step construction mentioned previously. Moreover,
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Lemma 5.2 shows that if ξ ∈ XN is a θ-random sequence for p, then it satisfies the

condition (2) in Theorem 2.1; that is, limT→∞

∑T−1
t=0 cx(ξrt )

T
= p[x] for each x ∈ X for any

θ-computable selection function r. Therefore, given the equilibrium (p1, p2) of the stage

game g, for both i = 1, 2, the θ−i-incompressible sequence νi can be used to compute a

θ−i-random sequence ξi for pi, and hence (ξ1, ξ2) is a secured equilibrium.

3.2 Criterion for unpredictability

In the last section I show that under mutual complexity, each player i has a θ−i-random

history-independent strategy whose limit frequency is consistent with an equilibrium

mixed strategy of the stage game. However, the characterization result, Theorem 2.1,

shows that the condition for being an equilibrium strategy for player i in R(g, θ1, θ2) is

weaker than θ−i-randomness. The following theorem shows that there are always equilib-

rium strategies for player i that do not satisfy θ−i-randomness.

Theorem 3.2. Suppose that there exists a secured equilibrium in RG(g, θ1, θ2) with values

Vi(g, θ
1, θ2) = v∗i for both i’s, where v∗i is the value of g for i. For each i, an equilibrium

strategy ξi exists such that ξi is not θ−i-random for any non-degenerate p ∈ ∆(Xi).

Intuitively, a sequence is not random for p ∈ ∆(X) if it has a pattern that allows a

betting function to exploit it; such a pattern may be regarded as a statistical irregularity

that can be used to reject the hypothesis that the sequence is generated by an i.i.d.

process. Thus, even when unpredictable behavior emerges in equilibrium, an equilibrium

strategy does not have to be like an i.i.d. sequence to be sufficiently unpredictable. Notice

that in Theorem 3.2 mutual complexity is not assumed.

The proof of Theorem 3.2 goes as follows. Consider a fixed player i. Assuming that

a secured equilibrium exists with the same equilibrium payoffs as the stage game, there

are two possible situations: (1) for any non-degenerate distribution p ∈ ∆(Xi), any θ−i-

random sequence ξ for p is not θi-computable; (2) for some non-degenerate distribution

p ∈ ∆(Xi), there is a θi-computable sequence ξ that is also θ−i-random sequence ξ for

p. Situation (1) is not excluded by Theorem 3.1 because mutual complexity is only a
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sufficient condition, but Theorem 3.2 trivially holds if the oracles are in this situation.

On the other hand, if the oracles are in situation (2), it can be shown that the oracle θi

can be used to compute a θ−i-incompressible sequence. In this case, there are equilibrium

strategies that violate a particular statistical regularity for i.i.d. sequences called the Law

of the Iterated Logarithm (LIL). Consider a finite set X and a distribution p ∈ ∆(X).

LIL states that the following condition holds for almost all ξ in XN (with respect to µp):

lim sup
T→∞

|
∑T

t=0 cx(ξt)− Tp[x]|√
2p[x](1− p[x])T log log T

= 1. (3)

This law gives the exact convergence rate of the frequency in an i.i.d. sequence, but

the following proposition shows that equilibrium strategies in the repeated game under

mutual complexity can converge to the limit much more slowly than an i.i.d. sequence.

Proposition 3.2. Suppose that θ1 and θ2 are mutually complex. For any non-degenerate

equilibrium mixed strategy pi of g, there exists an equilibrium strategy ξi in RG(g, θ1, θ2)

such that

(a) it satisfies (10) for X = Xi, p = pi, and θ = θ−i;

(b) for some x ∈ Xi with pi[x] ∈ (0, 1),

lim
T→∞

∑T
n=0 cx(ξ

i
n)− Tpi[x]√

2pi[x](1− pi[x])T log log T
=∞. (4)

Theorem 3.2 shows that, although certain patterns are detectable, it may not be

feasible to transform them into a strategy that exploits them. Moreover, this result shows

that, in repeated zero-sum games failure of certain statistical regularities does not entail

the rejection of the equilibrium hypothesis. Indeed, Theorem 2.1 and Theorem 3.2 imply

that only the limit frequencies along various subsequences are relevant for the equilibrium

hypothesis; other patterns may be misleading to test the equilibrium hypothesis.

4 Discussion

This section discusses the implications of my results for the literature, and then considers

extensions to N -person games and to finitely repeated games.
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4.1 Empirical implications

Here I draw some empirical implications from the results in this paper and compare them

against the standard theory and the findings from the empirical literature.

In the standard theory with mixed strategies, every repeated zero-sum game has a

Nash equilibrium. However, in my approach not every repeated game with complexity

constraints has a Nash equilibrium (although it exists generically); rather, equilibrium

existence depends on relative complexity of players’ oracle. If one player’s oracle is much

more powerful than the other’s, then full exploitation happens in equilibrium (Proposi-

tion 2.1); on the other hand, to have a secured equilibrium where no one exploits the

other, players’ oracles have to be sufficiently complex relative to each other and mutual

complexity gives a sufficient condition for equilibrium existence (Theorem 3.1). When

players’ oracles have similar computational powers, each player is able to exploit the

other player but is also vulnerable to exploitation from the other player; one may not

expect an equilibrium to exist in such a situation. Indeed, Proposition 2.1 shows that no

equilibrium exists if the two oracles belong to the same Turing degree.

Therefore, whether unpredictable behavior emerges in equilibrium or not becomes an

empirical question contingent on both players’ complexity constraints. There is evidence

that supports equilibrium unpredictable behavior in repeated zero-sum games played by

professional players (Walker and Wooders [25], Palacios-Huerta [20], and Palacios-Huerta

and Volij [21]), while the results are generally negative in experiments with amateur sub-

jects. My results suggest that this difference is related to different complexity constraints

of the players in these different situations.

Indeed, it is likely that professional players are endowed with talents of strategic

insights (corresponding to the incompressible oracles in my model) and have developed

sufficient skills to implement their strategies (corresponding to the oracle machine) in

relevant strategic situations on the field. Moreover, those players may also have sufficient

experience about their opponents’ strategic complexity. It seems that mutual complexity

is more likely to hold among these people and Theorem 3.1 shows that unpredictable
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behavior emerges in equilibrium. On the other hand, players in experiments usually do

not have sufficient experiences/sophitications in developing their strategic abilities for the

game being played. Indeed, to model those players, it seems suitable to assume that

their oracles are computable and hence, by Proposition 2.1, there is no equilibrium in the

repeated game with such complexity constraints.

The second empirical implication is concerned with statistical regularities when un-

predictable behavior does emerge in equilibrium. Theorem 2.1 implies that the limit

frequencies are consistent with stage game mixed equilibrium along subsequences that

can be selected by the opponent; one such subsequence is to select places where the oppo-

nent chooses a particular action. For example, consider the following penalty-kick game

(PK):

L R

L (πLL, 1− πLL) (πLR, 1− πLR)

R (πRL, 1− πRL) (πRR, 1− πRR)

Assuming that πLR > πLL < πRL and πLR > πRR < πRL, the game PK has a unique

equilibrium (p1, p2). Theorem 2.1 implies that, along the subsequences where player 1

chooses L (R), the limit frequencies of player 2’s actions is described by p2.

This implication is also shared by the standard theory. Many empirical papers, in-

cluding Walker and Wooders [25], Palacious-Huerta [20], and Palacious-Huerta and Volij

[21], investigate data generated by plays from a repeated PK game and use the above

empirical implication to test the equilibrium hypothesis. However, my approach suggests

that this is basically the only relevant test for equilibrium hypothesis in terms of statistical

regularities; indeed, Theorem 3.2 shows that equilibrium strategies can exhibit patterns

that are not expected from an i.i.d. process. Thus, if the observed plays is consistent

with the frequency implication, even if they are not consistent with the i.i.d. hypothesis,

the data is still consistent with equilibrium unpredictable behavior. This gives a different

perspective than the empirical literature that rejects the equilibrium hypothesis based on

patterns inconsistent with the i.i.d. hypothesis.

23



4.2 Extensions to N-person games

Theorem 3.1 can be extended to N -person games. The notion of mutual complexity can

be extended to the N -person case: N oracles (θ1, ..., θN) are mutually complex if for each

i, θi is incompressible relative to the oracle that combines all the other oracles (θj)j 6=i.
8

If the repeated game with complexity constraints satisfies mutual complexity, then for

any mixed equilibrium of the stage game, there exists a Nash equilibrium consisting of

history-independent strategies whose payoffs are the same as those of the stage game

equilibrium.

4.3 Extensions to finite sequences

Many results in the paper can be extended to finitely repeated games. One approach to

accomplish this is to consider asymptotic properties of unpredictable behavior in long but

finitely repeated games. To model complexity constraints in finitely repeated games, it is

then necessary to impose resource restrictions on players’ oracle machines but maintain

the basic structure of mutual complexity. Under these assumptions, it is possible to obtain

ε-equilibrium with values arbitrarily close to those of the stage game in a long but finitely

repeated game with ε vanishing as the length of the game approaches infinity. Notice

that if ε-equilibrium can be obtained in a finitely repeated game, then ε-equilibrium with

discounting is not hard to get by manipulating the ε’s.

5 Proofs

Proof of Lemma 2.1: First notice that for any (α1, α2), u1(α1, α2) + u2(α1, α2) ≤ 0:

u1(α1, α2) = lim inf
T→∞

T−1∑
t=0

h1(ξα,1t , ξα,2t )

T
≤ lim sup

T→∞

T−1∑
t=0

h1(ξα,1t , ξα,2t )

T

= − lim inf
T→∞

T−1∑
t=0

−h2(ξα,1t , ξα,2t )

T
= −u2(α1, α2).

8For a precise formulation and the formal result, see Section 5 in the supplemental material [11].
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Now, for each αi ∈ Ai, uj(α∗j ;αi) ≥ sj(α
∗
j ) = v∗j . Hence, ui(α

∗
i ;α

∗
j ) ≥ v∗i = −v∗j ≥

−uj(α∗j ;αi) ≥ ui(αi;α
∗
j ). So (α∗1, α

∗
2) is a Nash equilibrium. 2

Proof of Proposition 2.1: (a) Let {φ0, φ1, ...., φk, ...} be an θ2-computable enumeration

of (partial) functions from X∗1 to X2 which are computable relative to θ2. Such an enu-

meration exists by the relativized Enumeration Theorem. For any strategy α2 ∈ A, there

exists some k so that α2 = φk; for any k, φk ∈ A2 if and only if φk is total.

Define functions g1 :
⋃∞
n=0(Xn

1 ×Xn
2 )→ N and g2 :

⋃∞
n=0(Xn

1 ×Xn
2 )→ X1 as follows.

g1(ε, ε) = 0; (5)

g1(σ1, σ2) = min{k : φk(σ
1) is defined and φk(σ

1[t]) = σ2
t for t = 0, ..., n− 1}

if (σ1, σ2) ∈ Xn
1 ×Xn

2 for some n > 0;

g2(ε, ε) = arg max
x∈X1

h1(x, φ0(ε)); (6)

g2(σ1, σ2) = arg max
x∈X1

h1(x, φg1(σ1,σ2)(σ
1)) if (σ1, σ2) ∈ Xn

1 ×Xn
2 for some n > 0.

Here it is assumed that the maximizer for x is unique; if not, the x with the minimum

index can be used. The functions g1 and g2 are computable relative to (θ2)H and hence

are computable relative to θ1.

Define the strategy α∗1 as follows:

α∗1(ε) = g2(ε, ε); α∗1(σ2) = g2(σ1, σ2) with σ1
t = α∗1(σ2[t]) for t = 0, ..., |σ| − 1.

Notice that α∗1 is defined inductively. Now I show that for any strategy α2 ∈ A2,

u1(α∗1, α2) ≥ v1 = minx2∈X2 maxx1∈X1 h1(x1, x2).

Consider an arbitrary strategy α2, and let α2 = φk. Let (ξα,1, ξα,2) be the sequence of

actions induced by (α∗1, α2) as defined in (1). First I show that there exist T̄ ∈ N and l ≤ k

such that for all T ≥ T̄ , g1(ξα,1[T ], ξα,2[T ]) = l and α2(ξα,1[t]) = φl(ξ
α,1[t]) for all t ∈ N.

Let l be the smallest index such that φl(ξ
α,1[t]) = ξα,2t for all t ∈ N. Such l exists because

α2 = φk; hence, l ≤ k. Moreover, for each l′ < l, there exists some Tl′ such that either

φl′(ξ
α,1[Tl′ ]) is undefined or φl′(ξ

α,1[Tl′ ]) 6= ξα,2Tl′
. So for T ≥ T̄ = max{Tl′ : l′ < l} + 1,

g1(ξα,1[T ], ξα,2[T ]) = l. Moreover, for all t ≥ T̄ , h1(ξα,1t , ξα,2t ) ≥ v1 by construction. Hence,
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u1(α∗1, α2) ≥ v1. Finally, let α∗2 be such that α∗2(σ) ∈ arg maxx2∈X2 minx1∈X1 h2(x1, x2).

Then, for any α1 ∈ A1, u2(α1, α
∗
2) ≥ −v1.

(b) Suppose that there is a secured equilibrium. I first show that for any α2 ∈ A2, there

is strategy α∗1 ∈ A1 such that u1(α∗1, α2) ≥ v1 = minx2∈X2 maxx1∈X1 h1(x1, x2). Given α2,

α∗1 is constructed as follows: for all σ ∈ X∗2 with length t, α∗1(σ) = ζt, with ζ defined as

ζ0 = arg max
x∈X1

h1(x, α2(ε)), and for t > 0, ζt = arg max
x∈X1

h1(x, α2(ζ[t])).

Here it is assumed that the maximizer for x is unique; if not, the x with the minimum

index can be used. ζ is θ2-computable because α2 is and hence α∗1 is θ1-computable

because θ2 is θ1-computable. By construction, for all t ∈ N,

h2(ζt, α2(ζ[t])) = −h1(ζt, α2(ζ[t])) ≤ − min
x2∈X2

max
x1∈X1

h2(x1, x2) = −v1.

Hence, u2(α∗1, α2) ≤ lim infT→∞−v1 = −v1. It follows that s2(α2) ≤ −v1 for any α2 ∈ A2.

Now, let y∗ ∈ arg maxx2∈X2(minx1∈X1 h2(x1, x2)). Let α∗2 ∈ A2 be such that α∗2(τ) = y∗

for all τ ∈ X∗1 . Then s2(α∗2) ≥ −v1 and hence maxα2∈A2 s2(α2) = −v1. 2

Proof of Theorem 2.1: (a) Suppose that ξ satisfies (2) for i = 1. It is sufficient to show

that s1(ξ) ≥ v∗1, that is, for all α2 ∈ A2,

lim inf
T→∞

T−1∑
t=0

h1(ξt, α2(ξ[t]))

T
≥ v∗1. (7)

Let α2 ∈ A2 be given. For each y ∈ X2, let ry : X∗1 → {0, 1} be the selection function for

X1 such that ry(σ) = 1 if α2(σ) = y, and ry(σ) = 0 otherwise.

Define Ly(T ) = #{t ∈ N : 0 ≤ t ≤ T − 1, ry(ξ[t]) = 1} and ξy = (ξ)r
y
. It is easy to

see that ry is θ2-computable because α2 is. Let

E1 = {y ∈ X2 : lim
T→∞

Ly(T ) =∞} and E2 = {y ∈ X2 : lim
T→∞

Ly(T ) <∞}.

For each y ∈ E2, let By = limT→∞ Ly(T ) and let Cy =
∑By−1

t=0 h1(ξyt , y). On the other

hand, for any y ∈ E1, because ξ satisfies (2) and because ry is a θ2-computable selection

function, there is a mixed equilibrium strategy p1 ∈ ∆(X1) such that for any x ∈ X1,

limT→∞
∑T−1

t=0
cx(ξyt )

T
= p1[x]. Therefore,

lim
T→∞

T−1∑
t=0

h1(ξyt , y)

T
= lim

T→∞

∑
x∈X1

T−1∑
t=0

cx(ξ
y
t )h1(x, y)

T
=
∑
x∈X1

p1[x]h1(x, y) ≥ v∗1.
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The last inequality comes from the fact that p1 is an equilibrium mixed strategy of g.

I claim that for any ε > 0, there is some T ′ such that T > T ′ implies that

T−1∑
t=0

h1(ξt, α2(ξ[t]))

T
≥ v∗1 − ε. (8)

Fix some ε > 0. Let T1 be so large that T > T1 implies that, for all y ∈ E1,

T−1∑
t=0

h1(ξyt , y)

T
≥ v∗1 −

ε

2|X2|
, (9)

and, for all y ∈ E2, Cy
T
> − ε

2|X2| . Let T ′ be so large that, for all y ∈ E1, Ly(T
′) > T1 and

v∗
∑

y∈E1
Ly(T )

T
≥ v∗ − ε

2
for all T > T ′. If T > T ′, then

T−1∑
t=0

h1(ξt, α2(ξ[t]))

T
=

∑
y∈E1

Ly(T )

T

Ly(T )−1∑
t=0

h1(ξyt , y)

Ly(T )
+
∑
y∈E2

Ly(T )−1∑
t=0

h1(ξyt , y)

T

≥
∑
y∈E1

Ly(T )

T

(
v∗1 −

ε

2|X2|

)
−
∑
y∈E2

ε

2|X2|
≥ v∗1 − ε.

Notice that Ly is weakly increasing, and Ly(T ) ≤ T for all T . Thus, T > T ′ implies that

Ly(T ) ≥ Ly(T
′) > T1, and so T > T1. This proves (8), which implies (7).

(b) Let ξ be an equilibrium history-independent strategy for player i = 1. Because

lim infT→∞
∑T−1

t=0
r(ξ[t])
T

> 0, there exist some ε0 > 0 and some T̄ ∈ N such that for all

T ≥ T̄ ,
∑T−1

t=0
r(ξ[t])
T

> 2ε0. I will prove by contradiction. Suppose that for some infinite

sequence {T 0
0 < T 0

1 < .... < T 0
j < ....} there exists p1 ∈ ∆(X1) that is not an equilibrium

mixed strategy of g such that for all x ∈ X1, limj→∞

∑T0
j −1

t=0 r(ξ[t])cx(ξt)∑T0
j
−1

t=0 r(ξ[t])

= p1[x]. Consider

two cases:

(b.1) limTj→∞
∑Tj−1

t=0
r(ξ[t])
Tj

= 1. Define a strategy α2 : X∗1 → X2 as follows: α2(σ) = y1 ∈

arg miny∈X2 h1(p1, y) if r(σ) = 1 and α2(σ) = y2 for some arbitrary y2 ∈ X2 otherwise.

Then, limj→∞
∑T 1

j −1

t=0
h1(ξt,α2(ξ[t]))

T 1
j

= h1(p1, y1) < v∗1 − δ < v∗1.

(b.2) For some ε2 > 0, lim infTj→∞
∑Tj−1

t=0
r(ξ[t])
Tj

< 1 − ε2. Now, let {T 1
j }∞j=0 be a subse-

quence of {Tj}∞j=0 such that

(1) limj→∞
∑T 1

j −1

t=0
r(ξ[t])

T 1
j

= a ∈ (0, 1);
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(2) for each x ∈ X1, limj→∞

∑T1
j −1

t=0 (1−r(ξ[t]))cx(ξt)∑T1
j
−1

t=0 (1−r(ξ[t]))
= p2[x] for some p2 ∈ ∆(X1).

Because p1 is not an equilibrium mixed strategy of g, there exists some δ > 0 so that

minx2∈X2 h1(p1, x2) < v∗1 − δ. Define a strategy α2 : X∗1 → X2 as follows: α2(σ) ∈

arg miny∈X2 h1(p1, y) if r(σ) = 1 and α2(σ) ∈ arg miny∈X2 h1(p2, y) otherwise. In par-

ticular, let y1 and y2 be the actions chosen for r(σ) = 1 and r(σ) = 0, respectively.

Then,

lim
j→∞

T 1
j −1∑
t=0

h1(ξt, α2(ξ[t]))

T 1
j

= lim
j→∞

 1

T 1
j

T 1
j −1∑
t=0

r(ξ[t])

 ∑
x∈X1

[∑T 1
j −1

t=0 r(ξ[t])cx(ξt)∑T 1
j −1

t=0 r(ξ[t])

]
h1(x, y1)

+ lim
j→∞

 1

T 1
j

T 1
j −1∑
t=0

(1− r(ξ[t]))

 ∑
x∈X1

[∑T 1
j −1

t=0 (1− r(ξ[t]))cx(ξt)∑T 1
j −1

t=0 (1− r(ξ[t]))

]
h1(x, y2)

= ah1(p1, y1) + (1− a)h1(p2, y2) < a(v∗1 − δ) + (1− a)v∗1 = v∗1 − αδ < v∗1.

Thus, in either case, the strategy α2 is such that u1(ξ, α2) < v∗1, a contradiction to the

optimality of ξ.

(c) Let ξ be an equilibrium history-independent strategy for player i. Because g has a

unique mixed equilibrium p = (p1, p2), any convergent subsequence of {
∑T−1
t=0 r(ξ[t])cx̄(ξt)∑T−1

t=0 r(ξ[t])
}T∈N

has limit pi. Let ε > 0 be given. Fix some x̄ ∈ Xi. If for there is a subsequence {Ts}s∈N
such that ∣∣∣∣∣

∑Ts−1
t=0 r(ξ[t])cx̄(ξt)∑Ts−1

t=0 r(ξ[t])
− pi[x̄]

∣∣∣∣∣ > ε

for all s ∈ N, then there is another subsequence {Tv}v∈N of {Ts}s∈N such that

lim
v→∞

∑Tv−1
t=0 r(ξ[t])cx(ξt)∑Tv−1

t=0 r(ξ[t])
= q[x] for each x ∈ X

for some q ∈ ∆(X). But |q[x̄] − p[x̄]| ≥ ε and hence q 6= pi, a contradiction to part (b).

Thus, for some T̄ , T ≥ T̄ implies that∣∣∣∣∣
∑T−1

t=0 r(ξ[t])cx̄(ξt)∑T−1
t=0 r(ξ[t])

− pi[x̄]

∣∣∣∣∣ ≤ ε.

2

Proof of Proposition 3.1: The proof requires another equivalent notion of random

sequences, called Martin-Löf randomness, which can be found in the supplemental ma-

terial [11]. The result is implied by the van Lambalgen Theorem ([18], Theorem 3.4.6.)
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and the fact that the set of Martin-Löf random sequences w.r.t. the uniform distribution

has measure 1 according to that distribution. Detailed arguments can be found in [11],

Propositions 1.1 and 1.2. 2

Proof of Theorem 3.1: Suppose, by mutual complexity, that νi ∈ {0, 1}N is θi-

computable and is θ−i-incompressible, for i = 1, 2. By Lemma 3.1, νi is also θ−i-random

for
(

1
2
, 1

2

)
. Given an equilibrium (p1, p2) of the stage game g, I first show, in the following

lemma, that νi can compute a sequence ξi that is θ−i-random for pi.

Lemma 5.1. Suppose that ν ∈ {0, 1}N is θ-random for (1
2
, 1

2
) for some oracle θ. For any

finite set X and any p ∈ ∆(X), there is a ξ ∈ C(ν) that is θ-random for p.

Proof. Let X = {x1, ...xK} and let p[xi] = li
L

, where l1, ..., lK , L ∈ N. Let m be such

that 2m−1 < L ≤ 2m. The construction takes three steps: first step transforms ν into ζ,

which is θ-random over a set of 2m actions for the uniform distribution; the second step

transforms ζ into η by dropping 2m−L actions form ζ and makes η a θ-random sequence

over a set of L actions for the uniform distribution; finally, the third step transforms η

into ξ by combining li actions in η into a single action xi in ξ and makes ξ a θ-random

sequence over X for p.

(Step 1). Let W = {w1, ..., w2m}. Enumerate the set {0, 1}m as {ρ1, ..., ρ2m}. Construct

ζ ∈ WN from ν as follows:

For each n ∈ N, ζn = wi if (ξ0
nm, ξ

0
nm+1, ..., ξ

0
(n+1)m−1) = ρi.

I show that ζ is θ-random for (2−m, 2−m, ..., 2−m) by contradiction. Suppose that there

exists a θ-effective betting function B for (2−m, 2−m, ..., 2−m) that succeeds over ζ. I will

device a betting function C that succeeds over ν.

Define the mapping Γ1 :
⋃∞
N=0{0, 1}Nm → W ∗ by setting Γ1(σ) = τ with τn = wi if

|σ| = Nm and (σnm, σnm+1, ..., σ(n+1)m−1) = ρi for each n = 0, 1, ..., N − 1. Construct C

as follows.

(1.1) For all σ with |σ| = Nm for some N ∈ N, C(σ) = B(Γ1(σ)).
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(1.2) Suppose that C is defined over all strings σ’s with length Nm−(k−1), 1 ≤ k < m−1.

Consider a string σ with |σ| = Nm− k. Take C(σ) = 1
2
C(σ0) + 1

2
C(σ1).

C is a betting function. First, by construction, C(σ) = 1
2
C(σ0)+ 1

2
C(σ1) holds for all σ

with |σ| 6= Nm for any N . Moreover, if |σ| = Nm−k for some k between 1 and m−1, then

C(σ) =
∑

ρ∈{0,1}k 2−kC(σρ). Thus, if |σ| = Nm, then C(σ0) =
∑

ρ∈{0,1}m−1
1

2m−1C(σ0ρ)

and C(σ1) =
∑

ρ∈{0,1}m−1
1

2m−1C(σ1ρ), and hence

1

2
C(σ0) +

1

2
C(σ1) =

∑
ρ∈{0,1}m

1

2m
C(σρ) =

∑
w∈W

1

2m
B(Γ1(σ)w) = B(Γ1(σ)) = C(σ).

Finally, C is θ-effective because B is and Γ is computable. Moreover, for any n, B(ζ[n]) =

C(Γ−1(ζ[n])) = C(ν[nm]). C succeeds over ν because B succeeds over ζ, a contradiction.

(Step 2). Because ζ is θ-random for the uniform distribution, there are infinitely many

k’s such that ζk = w1. I show this by contradiction; suppose that ζn 6= w1 for all n > N .

Let B be a computable betting function for (2−m, 2−m, ..., 2−m) defined as follows: (a)

B(ε) = 1 = B(σ) if |σ| ≤ N ; (b) B(σw1) = 0 and B(σwi) = 2m

2m−1
B(σ) for all i > 1 if

|σ| > N . B(ζ[N + n]) = ( 2m

2m−1
)n →∞ as n→∞, a contradiction.

Let Z = {w1, ..., wL} ⊂ W . Construct η ∈ ZN from ζ as follows. First define g : N→ N

by (a) g(0) = min{k ∈ N : ξ1
k ∈ Z}; (b) for n ≥ 0, g(n + 1) = min{k > g(n) : ξ1

k ∈ Z}. g

is total. Then define η by setting ηn = ζg(n) for all n ∈ N.

η is θ-random for the uniform distribution ( 1
L
, ...., 1

L
) over Z. To show this, suppose,

by contradiction, that a θ-effective betting function B for ( 1
L
, ...., 1

L
) succeeds over η.

Construct a θ-effective betting function C for (2−m, 2−m, ..., 2−m) as follows.

(2.1) Define Γ2 : W ∗ → Z∗ by setting Γ2(σ) = τ , where τ is obtained from σ by eliminating

all the occurrences of wL+1, ..., w2m in σ.

(2.2) Define C by setting C(σ) = B(Γ2(σ)) for all σ ∈ W ∗.

By construction, for any σ ∈ W ∗, C(σwi) = B(Γ2(σ)wi) if i ≤ L and C(σwi) =

B(Γ2(σ)) if i > L. C is a betting function for (2−m, ..., 2−m): let σ ∈ W ∗,

2m∑
i=1

2−mC(σwi) =

[∑
i≤L

L−1B(Γ2(σ)wi)

]
L

2m
+

[∑
j>L

2−mB(Γ2(σ))

]
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=
L

2m
B(Γ2(σ)) +

2m − L
2m

B(Γ2(σ)) = B(Γ2(σ)) = C(σ).

C is θ-effective because B is. Finally, C(ζ[g(n)]) = B(η[n]) for all n ∈ N. So C succeeds

over ζ because B succeeds over η, a contradiction.

(Step 3). Let X = {x1, ..., xK}. Construct ξ ∈ XN from η as follows. Let L0 = 0; for

k ≥ 0, let Lk+1 = Lk + lk+1. Define ξ by setting ξn = xk if ζn ∈ {wLk−1+1, ..., wLk} for all

n ∈ N. Now I show that ξ is θ-random for p = ( l1
L
, ..., lK

L
).

Suppose, by contradiction, that a θ-effective betting function B over X for p succeeds

over ξ. Construct a θ-effective betting function C over Z as follows.

(3.1) Define Γ3 : Z∗ → X∗ by setting Γ3(σ) = τ with τn = xk if σn ∈ {wLk−1+1, ..., wLk}

for all n = 0, ..., |σ| − 1.

(3.2) Define C by setting C(σ) = B(Γ3(σ)) for all σ ∈ Z∗.

Thus, for any σ ∈ Z∗, C(σwi) = B(Γ3(σ)xk) if i ∈ {Lk−1 + 1, ..., Lk}. C is a betting

function for ( 1
L
, ...., 1

L
): for any σ ∈ Z∗,

L∑
i=1

1

L
C(σwi) =

K∑
k=1

lk
L
B(Γ3(σ)xk) =

K∑
k=1

p[xk]B(Γ3(σ)xk) = B(Γ3(σ)) = C(σ).

C is θ-effective because B is. Finally, C(η[n]) = B(ξ[n]) for all n ∈ N. So C succeeds over

η because B succeeds over ξ, a contradiction. Thus, ξ is θ-random for p. ξ is ν-computable

because both ζ and η are.

Then, I give a lemma that shows θ-random sequences for p satisfies condition (2) in

Theorem 2.1 for any θ-computable selection function r.

Lemma 5.2. Let X be a finite set and let p ∈ ∆(X). If ξ ∈ XN is θ-random for p, then

lim
T→∞

T−1∑
t=0

cx(ξ
r
t )

T
= p[x] for all x ∈ X (10)

for any θ-computable selection function r for X such that ξr is an infinite sequence.

Proof. First I show that if ξ is θ-random for p, and if r is a θ-computable selection function

for X such that ξr is infinite, then ξr is also θ-random for p. Suppose, by contradiction,
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that a θ-effective betting function B defeats ξr. Construct a betting function C for p as

follows: C(σ) = B(σr) for all σ ∈ X∗.

C is also a betting function for p: let σ ∈ X∗ be given; if r(σ) = 0, then (σx)r =

σr and hence C(σx) = C(σ) for all x, which implies that
∑

x∈X p[x]C(σx) = C(σ); if

r(σ) = 1, then (σx)r = σrx and hence C(σx) = B(σrx) for all x, which implies that∑
x∈X p[x]C(σx) =

∑
x∈X p[x]B(σrx) = B(σr) = C(σ).

C is θ-effective because B is θ-effective and r is θ-computable. Finally, for any n ∈ N,

there exists mn ≥ n such that (ξ[mn])r = ξr[n]. Thus, for any n, C(ξ[mn]) = B(ξr[n]).

Thus, C succeeds over ξ because B succeeds over ξr, a contradiction.

Now I show that if ξ is θ-random for p, then limT→∞

∑T−1
t=0 cx(ξt)

T
= p[x] for each x ∈ X.

Suppose, by contradiction, that for some y ∈ X with p[y] ∈ (0, 1) and some ε > 0, there is

an infinite sequence T0 < T1 < ... < Tj < ... such that limTj→∞

∑Tj−1

t=0 cy(ξt)

Tj
= qy < p[y]−2ε.

Let d = 1
2(1−p[y])

; construct a computable betting function B for p as follows:

Take B(ε) = 1; B(σy) = (1−d(1− p[y]))B(σ) and B(σx) = (1 +dp[y])B(σ) for all x 6= y.

B is a betting function for p:∑
x∈X

p[x]B(σx) = p[y](1− d(1− p[y]))B(σ) +
∑
x 6=y

p[x](1 + dp[y])B(σ) = B(σ).

Let C ≡ (1 − d(1 − p[y]))p[y]−ε(1 + dp[y])1−p[y]+ε. It is straightforward to check that

C > 1. Let J be so large that j > J implies that
∑Tj−1

t=0 cy(ξt)

Tj
< p[y]− ε. For all j > J ,

B(ξ[Tj]) =

[
(1− d(1− p[y]))

∑Tj−1

t=0 cy(ξt)

Tj (1 + dp[y])
1−

∑Tj−1

t=0 cy(ξt)

Tj

]Tj

≥
[
(1− d(1− p[y]))p[y]−ε(1 + dp[y])1−p[y]+ε

]Tj
= CTj

Thus, limj→∞B(ξ[Tj]) ≥ limj→∞C
Tj =∞, that is, B succeeds over ξ, a contradiction.

Proof of Theorem 3.1: Suppose that νi ∈ {0, 1}N is both θi-computable and is θ−i-

incompressible. Let pi be an equilibrium mixed strategy of g and let v∗i be the value of

g for player i. By Lemma 3.1 νi is also θ−i-random for
(

1
2
, 1

2

)
. By Lemma 5.1, there is
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a νi-computable sequence ξi that is θ−i-rnadom for pi. Finally, by Lemma 5.2, for any

θ−i-computable selection function r for Xi, the convergence condition (2) in Theorem 2.1

holds if (ξi)r is an infinite sequence. Thus, by the arguments in the proof of Theorem 2.1

(a), si(ξ
i) ≥ v∗i . Thus, (ξ1, ξ2) is a secured equilibrium. 2

Proof of Theorem 3.2: (Sketch) Suppose that there exists some θi-computable sequence

ζ i that is θ−i-random for some non-degenerate p ∈ ∆(Xi). Then, a θ−i-random sequence

ηi ∈ {0, 1}N for (1
2
, 1

2
) can be constructed from ζ i so that ηi is ζ i-computable. The

construction works as follows. Let y ∈ X be such that p[y] ∈ (0, 1). Define η0 ∈ {0, 1, 2}N

by η0
n = 0 if ζ2n = y and ζ2n+1 6= y, η0

n = 1 if ζ2n 6= y and ζ2n+1 = y, η0
n = 2 otherwise.

Then η0 is θ−i-random for (p[y](1− p[y]), p[y](1− p[y]), 1− 2p[y](1− p[y])). ηi is obtained

from η0 by deleting all occurrences of 2 in η0. Then, ηi is θ−i-random for (1
2
, 1

2
). Thus, an

equilibrium strategy ξi exists which is computable from ηi and which fails LIL as in (4)

by Proposition 3.2. 2

Proof of Proposition 3.2: (Sketch) The notion of betting functions can be extended

to other measures; in particular, consider a sequence of distributions p = {pt ∈ ∆(X) :

t ∈ N} and let µp be the measure over XN that is independently generated by p. A

θ−i-incompressible sequence ηi can be used to compute a θ−i-random sequence ξi w.r.t.

µp that is ηi-computable. If pt → p but slowly (say
∑

x∈X |pt[x]−p[x]| converges to 0 with

a rate lower than 1
t0.5

), then ξi satisfies (4). See the supplemental material [11], Theorem

4.2, for the full proof. 2
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